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CONVERGENCE OF SOME HOROCYCLIC DEFORMATIONS TO 
THE GARDINER-MASUR BOUNDARY 

VINCENT ALBERGE 


Abstract. We introduce a deformation of Riemann surfaces and we are inter¬ 
ested in the convergence of this deformation to a point of the Gardiner-Masur 
boundary of Teichmiiller space. This deformation, which we call the horocyclic 
deformation, is directed by a projective measured foliation and belongs to a 
certain horocycle in a Teichmiiller disc. Using works of Marden and Masur 
in m and Miyachi in [TOIPTII^. we show that the horocyclic deformation 
converges if its direction is given by a simple closed curve or a uniquely ergodic 
measured foliation. 


1. Introduction 

In this paper, all Riemann surfaces considered are conformal structures on a 
closed connected surface of finite topological type {g,n), where g represents the 
genus and n the number of marked points. We shall assume that for such a Riemann 
surface X, the corresponding Euler charasteristic x(V) = 2 — 2g — n \s strictly 
negative. By the uniformization theorem, this implies that X is endowed with a 
unique conformal metric of constant curvature —1. 

To a fixed conformal structure Xq, we can associate the Teichmiiller space T”(Xo), 
which classifies in some sense the different conformal structures with the same 
topological type as Xq. The more precise definition will be recalled in Subsection 
EH This definition leads to the conformal point of view of the Teichmiiller space. 
There exists an equivalent point of view on this space which uses the uniformization 
theorem, namely the hyperbolic one. It allows to define T(Xo) as the set of all 
hyperbolic metrics defined on the underlying surface of Xq up to isometries isotopic 
to the identity. Depending on the point of view we use, there are two natural tools, 
the hyperbolic length, for the hyperbolic point of view and the extremal length, for 
the conformal point of view. These two tools lead to two well-known metrics (one of 
them is asymmetric) and also respectively two compactifications, the Thurston one 
and the Gardiner-Masur one. There are many deformations of conformal structures 
or of hyperbolic structures, which may be geodesic or not with respect to the metric 
used. 

Using the hyperbolic point of view, we can consider two natural deformations in 
the Teichmiiller space, stretches and earthquakes. The stretch line is directed by 
a complete geodesic lamination on a hyperbolic surface and defines a geodesic line 

2010 Mathematics Subject Classijication. 30F60, 32G15, 30F45, 32F45. 

Key words and phrases. Extremal length, Teichmiiller space, Teichmiiller distance, Thurston 
asymmetric metric, Teichmiiller disc, Gardiner-Masur boundary, Thurston boundary. 

The author is partially supported by the French ANR grant FINSLER. The author is also par¬ 
tially supported by the U.S. National Science Foundation grants DMS 1107452, 1107263, 1107367 
"RNMS: GEometric structures And Representation varieties" (the GEAR Network). 


1 



2 


VINCENT ALBERGE 


with respect to the so-called Thurston asymmetric metric on T(Xo). For any com¬ 
plete geodesic lamination, and so for any stretch line, we can associate a measured 
foliation which is usually called the stump of the given direction. Theret showed in 
m that such a line converges in the reverse direction in the Thurston boundary 
to the projective class of the stump, if the stump is either a simple closed curve 
or a uniquely ergodic foliation. Moreover, Theret also solved in [28] the negative 
convergence of stretch line whose the associated stump is a rational measured fo¬ 
liation. The limit being the barycenter of the stump. Note that the convergence 
in the positive direction has been solved by Papadopoulos in m- The earthquake 
deformation, which was introduced by Thurston and which generalizes the Fenchel- 
Nielseii deformation, is directed by a measured foliation class. It is well known that 
the hyperbolic length of the direction remains invariant along this deformation. 
Moreover, the earthquake converges to the projective class of the corresponding 
direction in the Thurston boundary. The earthquake deformations are not geodesic 
as the stretch lines are, but they have a natural behaviour relative to each other. 
Indeed, under some assumption on directions, Theret showed in |26| that doing 
first a stretch and after an earthquake is the same as doing first an earthquake 
and after a stretch. In this paper, we shall keep in mind all these properties and 
consider other deformations and their convergence in the Thurston boundary and 
in the Gardiner-Masur boundary.. 

From the conformal point of view of T(Xo), there exists a well-known confor¬ 
mal deformation which is called here Teichmiiller deformation and which plays the 
role of stretch line in this point of view. This deformation, which is directed by a 
projective class of measured foliation, is geodesic with respect to the Teichmiiller 
metric, and some investigations about the convergence in these two compactifica- 
tions have already been done. Indeed, in the case of Thurston’s compactification, 
it is well known that a Teichmiiller deformation directed by a simple closed curve 
converges to its direction. Masur showed in E! that this is also the case if the 
direction is uniquely ergodic. Later, Lenzhen in |9] constructed an example of such 
a deformation which does not converge in this compactification. However, in the 
Gardiner-Masur compactification, the convergence is most natural. Liu and Su in 
El and Miyachi in El: proved that any Teichmiiller deformation converges. Us¬ 
ing Kerckoff’s computations, Miyachi also gave in m the explicit limit when the 
direction is given by a rational measured foliation. Walsh in |30| generalized this 
result by giving the limit for any direction. 

In this paper, we shall be interested in another deformation, which we called 
horocyclic deformation, and which will be the natural analogue of the earthquake 
deformation from the conformal point of view. The horocyclic deformation is di¬ 
rected by a projective class of measured foliation and stays in a Teichmiiller disc. 
This deformation also presents a nice behaviour with respect to the Teichmiiller de¬ 
formation. Indeed, seen as maps, these two deformations commute if the directions 
are the same. We will see that the extremal length of the direction stays invariant 
along the associated horocyclic deformation. We will also see that this deformation 
converges in the Gardiner-Masur compactification if the given direction is either a 
simple closed curve or a projective class of a uniquely ergodic foliation. In these 
two cases, we shall give the limits and remark that they correspond to limits of 
associated Teichmiiller’s deformations. We will also see that in these two particular 
cases the horocyclic deformations converge also in the Thurston compactification. 
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In contrast with the hyperbolic point of view, we will see through an example that 
there exists a horocyclic deformation which does not converge to the same limit as 
the corresponding Teichmiiller deformation. 
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2. Backgrounds 


2.1. Teichmiiller space. Let Aq be a fixed Riemann surface. We say that (Ai,/i) 
and (A 2 ,/ 2 ), where fi : Aq —>■ A^ (i = 1, 2) is a quasiconformal homeomorphism, 
are equivalent if there exists a conformal map h : Xi —>■ A 2 which is homotopic to 
/2 o fi^. The Teichmuller space of Aq, denoted by T(Xo), is the set of equivalence 
classes of pairs (A,/). For a pair (A,/), we denote the corresponding point in 
T(Xo) by [A, /]. We call ccq = [Ao,id] the base point of T(Xo). There is a natural 
distance on 7”(Xo), called the Teichmuller distance defined as the follows. Let 
X = [A,/] and y = [Y,g] be two points in T(Xo). The Teichmuller distance 
between x and y is 


(1) dx {x,y) = MlogKh, 

where h is taken over all quasiconformal homeomorphisms homotopic to go and 
Kh denotes the quasiconformal dilatation of h. We recall that the quasiconformal 
dilatation of h is defined as the essential supremum of 


(z) I + \d:,h{z) I 
\d:,h{z) I - \d^h (z) I’ 


where for local coordinates z = x + iy, 


dzh 


dzh 


1 /dh .dh\ 

2 I ida; ^ dy ) ' 

1 fdh .dh\ 

2 \ i9a; dy ) 


2.2. Measured foliations. We say that a simple closed curve on Aq is essential 
if it is not homotopic to a point. We denote the set of homotopy classes of essential 
simple closed curves by S (Ag) or by S if there is no confusion. Given two elements 
a and /3 of 5, we define their geometric intersection number, denoted by i {a, (3), 
as the minimal intersection number of two essential simple closed curves in their 
homotopy classes. To simplify notation, we call S the set of simple closed curves. 

We set K.+ x S = {t ■ a \ t > 0 and a € 5} and we call it the set of weighted 
simple closed curves. It is known that 

j* : R+ X <S —5> 

t ■ a ^ t ■ i (a, ■) 

is an embedding. We denote the closure of the image of this map hy MF and 
we call it the set of measured foliations. We define the space VM.T of projective 
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measured foliations as the quotient of MT\ {0} by the natural action of R+. We 
denote by [F] the projective class of F G A4F. It is well known that AiF and 
VAiF are respectively homoemorphic to and § 63 - 7 + 2 n Puj-thermore, it 

is known that the geometric intersection number can be extended to a continuous 
function from AiF x AiF to R+. Thus, any measured foliation F can be seen 
as a continuous function from to R+. We refer to [3] for a more geometric 
interpretation. This interpretation allows to introduce the notion that we not recall 
of critical points and critical graph associated to a measured foliation. 

A measured foliation F is rational if it is determined by a system of positive real 
numbers {wk}i<:i<:k ^ system of distinct simple closed curves {<ai}i<i<fc such 

that 

VG G AiF,i{F,G) = w,i{a„G). 

l<i<k 

A measured foliation F is uniquely ergodic if for any G G AiF such that 
i (F, G) = 0 then F and G are projectively equivalent. 

A pair (F, G) of measured foliations is said to be transverse if for any F[ G 
AiF - {0}, i (F, H) + i (G, H) > 0. 

2.3. Quadratic differentials. A regular quadratic differential g on AT is locally 
the data oi q = q (z) dz'^ such that q (z) is meromorphic with poles of order at most 
1 at the marked points. Such a quadratic differential determines a pair of transverse 
measured foliation, F„_q and Fh^q which are respectively called the vertical foliation 
and the horizontal foliation of g on X. The critical points of these foliations cor¬ 
respond to zeros or poles of g. We denote by Q{X) the space of such a quadratic 
differentials on X. This space is equipped with an F^-norm || • || which is defined as 
follows. For any g G Q{X), 

Il9ll = 

We set Qi (AT), the set of elements of Q{X) which are of norm 1. Furthermore, for 
any g G Q{X), there exists a system of local coordinates z = x + iy on X where 
away from the critical points of g, we have g = Such a system is called natural 
coordinates of g. 

It is well known that a transverse pair of measured foliation (F, G) defines a 
Riemann surface X and a regular quadratic differential q on X where F (resp. G) 
corresponds to the horizontal (resp. vertical) foliation of g. Such a pair determines 
also a point in the Teichmiiller space. 

Another link between quadratic differentials and measured foliations is given by 
the following result of Hubbard and Masur. 

Theorem 1 ([S]). Let X be a Riemann surface and F G AiF. Then there exists a 
unique regular quadratic differential q on X such that Fh^q = F. 

Remarks 2. (1) We will use Theorem [T] in the following form. Let x = 

[X,f] G T(Xo) and F G AiF. Then there exists a unique regular qua¬ 
dratic differential g on AT such that Fh^q = f*{F). We will denote such a 
quadratic differential by qx,F or qp if there is no confusion. 

(2) Hubbard and Masur (and Kerckhoff in [7]) proved a stronger result which 
says that AdF is homeomorphic to Q(X) when we consider these two spaces 
with the topology respectively induced by, the geometric intersection and 
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the norm || • || . An equivalent statement is that is homeomorphic 

to Qi (X). 


2.4. Extremal length. 

Riemann surface X, we 


Lp{a) = inf 

a' 

defined as 



p{z) \dz\ 


For a measurable conformal metric p = p{z)\dz\ on a 
set Ap = / / p^. Furthermore, for a £ 5 (X) we set 


X 


where a' belongs to a. The extremal length of a on X is 


(2) Extx (a) = sup 

p 

where p ranges over all measurable conformal metrics such that Ap 0, +oo. We 
refer to [1] for an introduction to this notion. This definition is called the analytic 
definition of extremal length. 

There exists an equivalent definition of extremal length which is as follows. Let 
a £ S. Then the extremal length of a on X is 


( 3 ) ’^*•■'<“> = “^ 5 ( 3 )' 

where A ranges over all Euclidean cylinders which can be conformally embedded 
into X and whose image of the core curve by this embedding is in the class a. We 
recall that the modulus of a Euclidean cylinder is the ratio between the height and 
the circumference. 

As the extremal length is a conformal invariant, we can naturally define it on 
Teichmiiller space. Indeed, let x = [X,/] £ T(Xo) and a £ S, we set Ext^, (a) = 
Extx (/ (a)). 

Moreover, by setting for any t > 0, Ext^, {t ■ a) = Ext^, (a), Kerckhoff showed 
in [7] that Exta, (•) extends continuously to MF and 


(4) 


Exta, (E) = ||(7x.f||, 


where qx^p is the unique quadratic differential on X whose horizontal foliation is 
/* (E). Kerckhoff proved also a result now called Kerckhoff’s formula. 


Theorem 3 (Theorem 4, |3). Let x, y £ T(Xo). Then 

Extj, (a) 


(5) 


dr {x, y) = log sup ■ 


g5 Exta; (a) ’ 

We set 

MFi ={F £ MT I Exta^o (^) = 1} ■ 
It can be shown that is homeomorphic to VM.T. 


2.5. Teichmiiller’s theorem. Before presenting the Teichmiiller theorem, we re¬ 
call that for any projective measured foliation [E] and 0 < fc < 1, there exists 

r pi r pi 

a unique quasiconformal map : Xq —>■ fj. (Xq) which is the solution of the 
Beltrami equation 

(6) a.f = 

Let us recall that fjf^ is called the Teichmiiller map associated to qp and whose 

1 k 

quasiconformal dilatation is equal to ---. 
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Let X = \X,g\ G T(Xo). For any t > 0 and for any F G we set 


'^\f] (^) — 


f[F] 




tanh^^) 



The Teichmiiller theorem, which was first proved for closed surfaces by Teichmiiller 
in [2S] and after by Bers for most general cases in |2], says that 


(7) 


M+ xVMF^riXo) 


it, 



if t > 0 
if t = 0 


is a homeomorphism. 

Moreover, Teichmiiller proved in 


that 1 1 —>■ TCif] (x) is a geodesic ray (with re¬ 
spect to the Teichmiiller distance) parametrized by arc length. We call i^)^ 


t>o 

the Teichmiiller ray emanating from x and directed by [F’]. We will use also the 
term Teichmiiller deformation. If G represents the vertical foliation oi qf, then 
the set (F[g] U (j^[f] (^)'j forms a geodesic line called the Teichmiiller 

geodesic line through x and directed by {F, G). By abuse of notation we will denote 

\F] 

Furthermore, the Teichmiiller map ^ ^ determines a regular quadratic dif¬ 
ferential qt on \ such that Fh.qt = e^ ■ F and Fy^q^ = e~^ ■ Fh.qp- Thus, 

u cLlfLXd ( ) 

we have 


(F) = e ‘ Ext„ (F), 

7?.jpj (x) {Fv.qp) = e Exta; (Fy^qp) . 


2.6. Compactifications of Teichmuller space. There exist several different 
compactifications of Teichmiiller space which depend on which point of view we 
use. In this paper, we are interested in two of them: the Thurston compactification 
and the Gardiner-Masur compactification. As we shall see below, these compactifi¬ 
cations are constructed in similar ways. We recall that for each point x in T(Xo), 
the hyperbolic length on x of an element a G 5 is well defined. We denote this 
length by G (a). Thus, G (■) determines an element of Rf q and so we can define 

(9) $Th : a; G T{Xo) ^ [G (•)] e PR>o> 


where PR>o = ^>o \ j ■ Thurston showed that <I>Th is an embedding whose 

—-^Th 

image is relatively compact. We denote the closure of this image by / (Xg) and 
we call it the Thurston compactification of T(Xg). An important fact is that the 
boundary of the closure is exactly VM.F. We refer to [3] for more details. 

In the same way, we define 


( 10 ) 


$GM : X G 'T(Xg) i-A 


ExtJ (•) 



Gardiner and Masur showed in [1] that ^gm is also an embedding with relatively 
compact image. The closure of the image is denoted by T(Xg) and called the 
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Gardiner-Masur compactification of T(Xo). Gardiner and Masur also showed that 
if dime T(Xo) = 3g — 3 + n > 2, then VMT C 5gmT(Xo). Miyachi proved in |T5] 
that in the case of the once-punctured torus, these two boundaries are the same. 
He also showed in m that each point in the Gardiner-Masur boundary can be 
represented by a continuous function from AiJ- to ]R_i_. Indeed, if we set for each 

y e r(Xo), 


( 11 ) 


£y : F e MT 


Extj^ (f) 

pdTixo,y) 


then {Sy )forms a normal family and we have the following statement. 


Theorem 4 1|16|. Theorem 1.1). Let p G dcAiTp^o)■ Then there exists a unique 
continuous map £p : MT —^ R+ such that 

(1) £p represents the point p, 

(2) „max £p (F) = 1, 

(3) if Un converges to p, then £y^ converges uniformly to £p on any compact 
set of MT. 


For more details about this compactification, we refer to |18j . 

In order to distinguish the convergence in these two compactifications, we write 
and Furthermore, from the Kerckhoff formula and Theorem UJ we get the 

following. 

Lemma 5. Let [yn ), (zn) C T(Xo) such that and Then 

dr iVn, Zn) -t 0 P = q. 


Proof. If p or <7 belongs to T(Xo) then the proof is obvious. Suppose that p,q & 

'9gm’E(Xo). According to Miyachi’s result (Theorem U]) , it suffices to show that 

£ — £ 

— *-'q' 

By Kerckhoff’s formula we have for all n G N and for all a G 5, 

0 < £l^ {a) < £l^ 

Thus, when n tends to -|-c» we obtain 

£p (a) < £q (a). 

As the Teichmiiller distance is symmetric, we have the reverse inequality and so for 
any a G S, 

£p (cr) £q (d) ■ 

The lemma is now proved. □ 


If we only suppose in Lemma[5]that the distance is bounded, we do not necessarily 
have p = q. Indeed, Masur proved in m that two Teichmiiller rays starting at the 
same point are bounded if they are directed by topologically the same rational 
foliation. But Miyachi gave in m the limit of such a rays in the Gardiner-Masur 
boundary. In particular, when the foliations are given by at least two disjoint 
simple closed curves, then the limits are distinct if the foliations are not projectively 
equivalent. An explicit expression of such a limit is given by Relation ((23l) below. 

Moreover, in this form, the converse of this lemma is wrong. It suffices to set 

2 

for any measured foliation F, yn = 7^)^] {xq) and (xq). Note that Liu 
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and Su proved in m that any Teichmiiller ray converges in the Gardiner-Masur 
boundary. We also refer to m and |18| . 

However, about the converse of this lemma, we can ask: 

Question 6. Can we find two sequences (i/„) and (zn) in T(Xo) such that 

• Un P and Zn p, where p G 9gm7'(Xo), 

n—>-+oo n—>-+oo 

• dr {Vn.Xo) /dTiZn,Xo) —s- 1, 

n—¥-\-oo 

• dr {yn,Zn) -h- 0? 

n—f+oo 

A positive answer will be given below by considering Teichmiiller discs. 


3. Horocyclic deformation 


3.1. Teichmuller disc. We start this subsection by recalling the notion of Teich- 
miiller discs and their known propertiest. Let x = [X,f] G T(Xo) and F G A4F. 
By Theorem [T] and Remark [5J we can associate to A a unique regular quadratic 
differential g on A whose horizontal foliation is /* (F). It is well known that 


( 12 ) 

(13) 


*(x.[F]) 


r(Xo) 


r • e 


i9 


^2tanh-iM 


is an isometric embeding, when we consider the Poincare metric on D. We denote 
by D {x, [A]) the image of D by *(a;,[F]) and we call it the Teichmuller disc associated 
to {x, [A]). Note that the notion of Teichmuller disc already appeared in the most 
famous Teichmuller paper [24] under the name “complex geodesic” (see §161). As 
the upper half-plane is biholomorphic to the unit disc, we shall consider H instead 
of D. 

There exists another point of view on the Teichmuller disc which is more geomet¬ 
ric. The point x G 7”(Xo) is determined by the transverse pair (/* (F) , Fy^q). Such 
a pair gives a system of coordinates which are natural coordinates for q. An element 
of SL 2 (M) j gQ^ acts on such a coordinates and defines a new transverse pair 

of measured foliation and so a new point in the Teichmuller space. Furthermore, 
SL 2 (K) j so 2 (R) i® isomorphic to the upper half plane and the orbit of x by this 
group is the Teichmuller disc D {x, [F]). For more details, we refer to |S|. 

We deduce from this second point of view the following elementary result. 


Lemma 7. Let x, y G T(Xo) and F G M.T. If y G D (x, [F]), then D (x, [F]) and 
D(?/, [F]) are identical up to an automorphism of the disc. 


Even if this result is well known, we sketch a proof. 


Proof. As y G D (x, [F]), there exists a pair {s,t) G such that y is determined 

by 


(14) 



These two matrices which act on natural coordinates, preserve (projectively) the 
measured foliation F, and so they determine a regular quadratic differential on 
y whose the horizontal foliation is projectively the same as F. Using the inverse 
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matrix of (fl^ on these new natural coordinates, we obtain x and so x G D (y, [F]) 
and by Lemma 2.1 of [12] we complete the proof. □ 

From the proof of Lemma [T] we observe that for any t G R, (•) is identified 
with the diagonal matrix of ca, and so it preserves D (x, [F]). Thus, by pulling 
back the Teichmiiller disc to H, we can consider this Teichmiiller ray as a map from 
H to IH such that for any t G M and any z = x + iy € M, 

(15) (z) = X + ie^y. 

The parabolic element in (1141) corresponds up to normalization to what we shall 
call the horocyclic deformation directed by F. A study of such a deformations in 
the Teichmiiller space is done in the rest of this note. 


3.2. Horocyclic deformation. We define the horocyclic deformation as follows. 


Definition 8. Let t G R and F G A4F. The horocyclic deformation directed by F 
of parameter t is 


: r(Xo) ^ r(Xo) 


where kt = 


1 



4Ext„„(FF 

Ext),(F)^ 


and 9t = arctan 


pExt,„ iF) \ 
V t Extj; (F) ) 


We observe that for a fixed real number t, the horocyclic deformation depends 
only on the projective class of the given measured foliation. Thus, we can suppose 
that the foliation F belongs to MFi. 

As for Teichmiiller rays, by pulling back ID (x, [F]) to H, one can check with our 
normalization that for any s G R, 

(16) (i) = i-s-Ext,(F). 

Thus, the image of t G R t-G 'H^p^ (x) coincides with the image by *(x,[f]) of a certain 
horocycle. 

Moreover, as for any point in D (x, [F]), the Teichmiiller ray at this point directed 
by F stays in this disc, we deduce that for any s G R, (•) preserves the 
associated Teichmiiller disc. 

As for the Teichmiiller line, we can give an explicit expression of the action on 
the upper half-plane by the horocyclic deformation. It suffices to conjugate it by 
an appropriate automorphism in order to bring back the problem in i. We can 
also deduce from Relation (1161) (and even from the definition) that for any point 
X G T(Xo) and for any F G MFi the map s G R V-fp^ (x) is continuous. 

In the case where F is a simple closed curve a, it is important to note that 
for any point x G F(Xo), ((x) J corresponds to the orbit of x by the group 

generated by the Dehn twist along a. Such a Dehn twist is denoted by r^. This fact 
was observed by Marden and Masur in [12] and it will be used below. Marden and 
Masur also gave a description of (x) when t is real. Such points are described 
by what we call conformal twist along a of parameter t. 

As we shall see below, the horocycle deformation has some similarities with the 
earthquake map. 
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3.3. Elementary properties. The first property which can be seen as an analogue 
of a theorem of Thurston (see Theorem 2 in [8] for the statement and a proof) is 
the existence of a certain horocyclic deformation between any two points of the 
Teichmiiller space. The statement is the following. 

Property 9. Let x and y be two distinct points in T(Xo). Then there exists a 
unique F € M.T\ and a unique s > 0 such that 

y = '^[F] (x) ■ 

Proof. By Theorem [71 there exists a unique G € M.F\ and a unique s > 0 such 
that y = (x). Thus, we just have to consider • qo for a some r and set 

F = P'v.e- '-^qc ■ ^ 

As the horocyclic deformation and the Teichmiiller deformation preserve the 
Teichmiiller disc for a given foliation, we can state some elementary results. 

Property 10. Let F e M.F. Then for any s G R and any t G R we have 

TL^[f] o TZ*p-^ = 72.[p.] o . 

Proof. Let x G T(Xo). We fix (s,t) G R^. As the transformations that we consider 
preserve the Teichmiiller disc D (x, [E]), we will do computations in the upper half- 
plane. Thus, X corresponds to i. From Relations dT51) and we get 

^[F] {^[F] (0^ ~ ' Extj; {F) + i-e*. 

On the other hand, using Relation ([8|) and conjugating the horocyclic deformation 
of (i) by z !->■ e~* ■ z, we get 

'^[F] (^[F] (o) = e* • (j-s • Ext 7 ^t^^(,,) {F)j 
= —s ■ Exta; (F) -I- ie*. 

The proof is complete. □ 

Note that this result is analogous to a result of Theret in |26] where he proves 
that the operation of earthquake and that of stretching commute if their directions 
are the same. 


Remark 11. If the directions for the Teichmiiller deformation and for the horo¬ 
cyclic deformation are not the same, we do not have necessarily PropertylTUl Indeed, 
let a and /3 be two distinct simple closed curves such that i (a,/3) 0. Assume 

that for any s, t G R, 

^[a] ° ^f/3] = ”^f/3] ° ^[a] • 

In particular this is true when s = 1. As we said above, the horocyclic deformation 
of parameter 1 corresponds to the Dehn twist along /3. If we fix a point x G T(Xo), 
we get for any t > 0 

(17) Tef^] {rp ■x)=Tp- (x). 


We recall that for any y = [Y, g] G T(Xo), Tp - y = Y,g 
and Masur showed in g] that for any y G r(Xo), (y) 


. However, Gardiner 

GM 


t—¥-\-oo 


[a] and Miyachi 
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proved in |16) that the mapping class group extends to the Gardiner-Masur bound¬ 
ary. Thus, when t tends to +oo in Equality (jl7l) . we obtain 

[a] = Tp ■ [a] , 

which is obviously not true. 

Because the Teichmiiller rays directed by simple closed curves converge in the 
Thurston boundary, we may do the same reasoning by using the convergence in 
VMT. 

Another interesting fact is that the horocyclic deformation is continuous with 
respect to the direction. The statement is the following. 

Lemma 12. Let x = [X,f] G T(Xo) and s G R. Then Hf.] {x) : VMT —)■ T(Xo) 
is continuous. 

Proof. This is just a consequence of Theorem 0 Indeed, let [F„] be a sequence of 
elements in VM.J- which converges to [E] for the topology induced by the geometric 
intersection. Let ((?«)„ and qp be the corresponding elements in Qi (AT). For any 
n, the point T~C[f„] {^) is determined by the teichmiiller deformation of parameter 
2tanh“^ {kf) directed by the horizontal foliation of e”*®" • We have the same 
description for TT^p] i^) using qp instead of g„. As the map given in Theorem[3 
is a homeomorphism, a fortiori it is continuous with respect to VA4J- and so the 
lemma is proved. □ 

This lemma will be useful to prove that the extremal length of a particular 
foliation does not change along a horocyclic deformation. Indeed, we have 

Property 13. Let F G A4F and x = [X, /] G T(Xo). Then 

\fs G K, Ext-H.^j(3,) {F) = Ext,^ (F). 

Proof. We will start by showing this property in the case of simple closed curves 
and then, by using Lemma [12] and the fact that S is dense in VMF we will get the 
general case. 

Let a G S and qa the corresponding quadratic differential on X. We recall 
that the horizontal foliation of q^ is exactly /* (a). Thus, the complement in X 
of the corresponding critical graph is biholomorphic to a cylinder A of modulus 

M = -. We can consider that A is the planar annulus of inner radius 1 and 

Ext,, (a) 

outer radius exp ( 27 rM). Now we fix s G R. and we denote by Xg the image of x by 
'H\a]. Following [T^], Xg = [Xs,fg], where fg is the quasiconformal map which lifts 
to fg : A ^ A; z i-A 2 ;|z|* “ . We say that the map fg is the conformal twist along a 
of parameter t. The surface Xg is obtained by identifying some parts of boundary 
components of A and so, if s is not an integer, then Xg is different to AT. As the 
map fg does not change the modulus of A and preserves the core curve which is in 
the class of a, we deduce from the geometric definition of extremal length that 

Exta;^ (a) = Exta; (a). 

□ 


We deduce the following result. 
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Corollary 14. Let F € MT and x € T(Xo). Then for any s, t e K 

ni+l (x) = (hIp^ (x)) . 

In particular, '■ T(Xo) 7”(Xo) is a bijection. 

Proof. By (fT6)l we have 

'^[F] (x) = i- {s + t) ■ Exta; (F). 

On the other hand, using Property [13] we get 

nfp^ (nlp] (x)) = i - (s +1) Ext, (F). 

□ 

Question 15. Does TL^p] (') ^ homeomorphism? 

The main interest of this paper concerns the asymptotic behaviour of the horo- 
cyclic deformation in the Gardiner-Masur boundary. This is explained by the fol¬ 
lowing question. 

Question 16. Does (^TL^p] (x)^ converge in the Gardiner-Masur boundary when 
t ±oo? 

Looking at Figure (T] a naive guess would be that (^TI^[f] (x)^ converges and the 
limit would be exactly the limit of the Teichmiiller ray determined by F. This is the 
case if dime 'T'O^o) = 1- Indeed, the embedding (I12II is an homeomorphism and from 
m, we have that this homeomorphism can be continuously extended to the bound¬ 
ary. Unfortunately, Miyachi proved in [12] (Subsection 8.1) that if dime 7”(Xo) > 2, 
the embedding i(x,[F]) does not extend continuously to the Gardiner-Masur bound¬ 
ary. However, as we shall see below, the result holds in at least two particular 
cases. 


4. Convergence in the Gardiner-Masur boundary 
4.1. The simple closed curves case. Let x = [X,f] G T(Xo) and a G S. We 
are interested in the convergence of (^Tl^[a] ( 2 ;)^ when t — >■ ± 00 . We recall that 
Ta denotes the Dehn twist along a. To simplify notation we set for any t G M., 
Xt = H[a] {x). As we remarked in the proof of Property [131 Xt = [Xt, ft] where ft 
is the conformal twist along a of parameter t. We also recall that if t G Z, then 
ft = / or-*. 

In order to study the convergence of (xt)^, we will have to use another result of 
Miyachi. 

Theorem 17 f|17|. Theorem 3). Let F G XiF be either a uniquely ergodic foliation 
or a simple closed curve. Let p G dcMTlfXif). If for all G G MF such that 
i {F, G) = 0 we have £p (G) = 0, then 

£p{-) = —- 

Extio (F) 

We have all the elements to establish the following result. 
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'^\f] (^) 


'^\f] (^) 


Figure 1. The Teichmiiller disc ID)(a;, [F]). Points of the circle 
which crosses x are horocyclic deformations directed by [F] and 
points of the dotted segment are Teichmiiller deformations directed 
by [F]. 


Theorem 18. With the above notation, 


UM r n 


Proof. Let p S i9gmT(Xo) be any cluster point of Up to subsequence, we can 

assume that Xt By Property 1131 we already have 

t—^OO 


£p (a) = lim 

t—^OO 


= lim 

t—^OO 


= lim 

t—¥C<D 
= 0 . 


Exta;^ (a) 

g2-tanh“^ {kt] 

Fxtx (g) 

p2-tanh“^ {kt] 


Now, let /3 € 5 such that i (a, /3) = 0. For any t € M, we have, by the quasiconformal 
distorsion (or the Kerckhoff formula). 

Ext,, (/3) .Ext,^,j (/3) 

< . Extx (r-^ (/3)) 

< .Ext, (/3). 


Furthermore, the mapping class group acts by isometries with respect to the Te- 
ichmiiller distance, then dx (a:pj, a;pi) = dr {x,xi). Thus, (Ext,, (/3))t is bounded 
from above and we deduce that 


£p (/3) = lim 

t—¥CC) 


Ext,, (g) 

g2-tanh“^(fct) 


1 

2 


= 0. 
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The conclusion follows by using Theorem ITTI 


□ 


This result is analogous to the convergence of the Frenchel-Nielsen deformations 
in the Thurston boundary. Indeed, it is well known that a Frenchel-Nielsen defor¬ 
mation determined by a simple closed curve, converges to this simple closed curve. 
By the way, from the proof of Theorem [HI we can deduce the following corollary. 

Corollary 19. Let a be a simple closed curve. Let x G 7'(X.o). Then 

^[a] (a;) ^ [a] . 

'• •' t—¥±oo 

To prove this corollary we need to recall some facts. We recall that the Thurston 
asymmetrimetric metric dTh (', •) can be defined as follows. 


Vx, ?/ e T(Xo), dxh ( x , y ) = log sup 


ly (a) 


( a )' 


This metric was introduced by Thurston in |29| and some investigations about it 
can be found in [53], [53] and nnj. We refer also to |55|. We can recognize some 
similarities with the Kerckhoff formula. Furthermore, by setting for any x G T'(Xo), 

Cx : MF -G IR+ 

4 [F) 


F HA 


,dTh{xo,x) ' 


Walsh proved in m that a sequence Xn in the Teichmiiller space converges to 
the projective class of G in the Thurston boundary, if and only if, Lx„ converges 
to F G A4T M- C • J {G,F) uniformly on compact sets of AiF. The constant C 
depends on xq and G. 

Proof. Let us denote by {xt)^ the sequence (H[a] {x))^. Let [G] G VM.F be any 
cluster point of {xt)^. By the analytic definition of extremal length and the Gauss- 
Bonnet formula, we have that for any (d G S and any t G K, 

(18) 4(/3)<2t|x(Xo)|ExGJ/3). 

Thus, for any fi G S such that i (a, /3) = 0, we know from the proof of Theorem [T31 
that (Extajj (/3))t is bounded from above, and so from (IT51) we have that (/3))( 
is also bounded from above. Then, we deduce that 


lx. m 


0 , 


g“Th(.3;,aitj t —^ioo 

and by the result of Walsh, we can say that 

z(G,/3)=0. 

As this equality is true for any simple closed curve whose its geometric intersection 
with a is zero, we deduce that G is topologically the same foliation as a and so G 
is projectively equivalent to a. This fact is true for any cluster point of Xt and then 
the proof is done. □ 


Remark 20. In contrast to the uniquely ergodic case, the author does not know 
if for a sequence Xn in the Teichmiiller space and a simple closed curve a we have 


GilVl r -1 in r -i 

Xn — [a\ ^ Xn -^ [aj 

n—>-+oo n—>-+oo 


We have this property only in few cases, as when the sequence is given by the 
Teichmiiller deformation or the horocyclic deformation directed by a simple closed 
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curve. These examples are from the conformal point of view of the Teichmuller 
space, but we can show that it is also true for the Fenchel-Nielsen deformation 
and for the stretch lines when the associated horocyclic foliation is a simple closed 
curve. 


From Theorem llSl we also deduce that we can find two sequences yn and which 
are at the same distance from x and converge to the same point in the Gardiner- 
Masur boundary, but with dx {y-n, Zn) +oo. It suffices to take yn = (a;) and 

Xn = (x). We thus obtain a positive answer to Question [6] 


4.2. The uniquely ergodic case. Let x G T(Xo) and F G M.T be a uniquely 
measured foliation. Before studying the asymptotic behaviour of {^\f] ’"^6 

recall some facts about the Gromov product. The Gromov product of y and z with 
basepoiiit x for dx is defined by 

{y \z)x = ]^ {dx (x, y) + dx {x, z) - dx {y, z)). 

Miyachi proved in |20| . that the Gromov product at x has a continuous extension 
—^- ^GM —- ^GM 

to T(Xo) X T(Xq) with value in [0, +cx)]. He also gave an explicit expression 
in terms of extremal length. For any p G 5gmT^(Xo), the Gromov product of p and 
[F] is 


(19) 


{P I [F]) 



f Sp{F) \ 
\ Ext| (F) / 


If we set for all t gM., yt = 'H*f] (x) and zt = (x), we have by the embedding 

of the disc into Teichmuller space, the following: 


(yt I Zt}a: - 1 + 00 . 

t—>-oo 

Then, for any cluster point p of yt we have, using Relation (fTOl) . Sp (F) = 0. By 
Theorem nzi and the fact that F is uniquely ergodic, we conclude that p = [F]. 
Thus, we have proved: 


Theorem 21. The horocylcic deformation diricted by a uniquely ergodic foliation 
F converges in the Gardiner-Masur boundary to the associated projective foliation. 

Following results of Miyachi (Corollary 5.1 in [1^1 and Theorem [T71 we have that 
a sequence in Teichmfiler space converges to a class of uniquely ergodic foliation 
with respect to the Thurston embedding if and only if it converges to the same class 
of foliation with respect to the Gardiner-Masur embedding. Thus we have 


Corollary 22. 

Then 


Let F be a uniquely ergodic foliation and x be a point in F(Xo). 


n\F] {x) 


t—^■ioo 


[F]. 


We have seen that the horocyclic deformation directed by a simple closed curve 
or a uniquely ergodic foliation converges in the Gardiner-Masur boundary and the 
limit is exactly the same limit as the Teichmuller ray directed by the same foliation. 
Thus, in these two particular cases we have given a positive answer to Question 
[Ml In the most general case, we can except that horocyclic deformation for a given 
direction converges to the same limit as the Teichmuller ray with the same direction. 
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A negative result is given below and in some sense was already observed by Gardiner 
and Masur in to prove that VM-T is strictly contained in the Gardiner-Masur. 



Figure 2. On the symmetric Riemann surface Xq, we draw the 
critical graph F of the measured foliation F = ai + a 2 - Up to a 
Withehead move, we can assume that this measured foliation has 
two critical points of order 4. 


4.3. An example of rational foliation. Let Xq be a Riemann surface of genus 
2 obtained by gluing two tori with one boundary component along their boundary, 
one of them being the mirror conformal structure of the other. We denote them 
by T and T. Thus, we get a natural anti-holomorphic involution on Xq which can 
be seen as a complex conjugation. We denote it by ix^- We fix ai and a 2 , two 
disjoints simple closed curves as in Figure[5]such that a 2 is obtained by conjugating 
ai- To be more precise, a 2 = ix (cii)- Up to changing T, we can assume without 
loss of generality that 


(20) Extr (q!i) = Exty ( 02 ) = 1. 

We set F = ai+a 2 and Xq = [Ag, id]. Thus, by symmetry, we deduce that the 
quadratic differential qp is invariant by ixd and that 

(21) ExG„ (F) = llg^II = 2. 


By works of Marden and Masur in Section 2 of [12] , we deduce that 

(22) VneN,Hf;](4) = (r:^or:J.x^. 

To simplify notation, we set for any n € Xn — '^[f] (^o) ■ 

By Kerckhoff’s computation in [7] (see also the appendix of US], for more details) 
and Equality (EUl) we conclude that 


(23) 


GM 


>- + oo 


(z (ai,y + z(a2,y) 


1 - 

2 


G PR 


5 

>0 • 


As Miyachi proved in m, this limit is not an element of VMF. 
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Following U, let us show that any cluster points of (xn) in 9 gmT(Xo) is different 
of the limit in (|23l) . Let q S 5gmT(Xo) be any cluster point of (xn)- Assume that q 
is equal to the limit of the Teichmiiller ray directed by F. Then there exists A > 0 
such that 


(24) Vy G S, £q {jf =X - (^i + i ( 02 , 7 )^) . 

However, if /3i, /32 and 6 are like in Figure [H then for any integer n 

=^-Ext;,.(r-(/32)), 

((^« ” ° (^)) ■ 

Moreover, as for — -t”” (j3i) tends to ai (for i = 1, 2) and — ■ (r“" o t“") (<5) tends 
n ' _ n 

to F when n —> 00 , we deduce by continuity of the extremal length that 

1 


£q{Pi) = I-Extjfd (ai), 

AiAf =Y Extjfd (02), 
A = 7 ■ Ext w (F) = 


1 


By symmetry, we have Ext;^(-d (ai) = Extj^d (ai) = c and by the geometric def¬ 
inition of extremal length we have necessarily c < 1. Thus, by comparing with 
Relation (IMl) . we get a contradiction. 

We just saw that the horocyclic deformation directed by F cannot converge to 
the same limit as the Teichmiiller ray directed by the same foliation. However, the 
author does not know if in this particular case, the horocyclic deformation converges 
in the Gardiner-Masur boundary. 
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